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Abstract

In this document, we present the syntax of dependent type theory as the initial category
with families, extending the similar result relating simply-typed A-calculus and cartesian closed
categories. To define the interpretation of the syntax in any model we use a method along the
lines of | | where annotations are added to the syntax. By viewing dependent type theory
as a generalized algebraic theory we are able to obtain an annotated syntax in a clean way.
The main advantage of these annotations over Streicher’s is that it makes solving the coherence

problem | | very easy.
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Dependent type theories

Dependent type theories have been introduced by de Bruijn and his Automath system | I,
by Howard, and later by Scott. Martin-Lof later developed these ideas to give a new formalism for
constructive mathematics. It gives technical content to the famous Brouwer-Heyting-Kolmogorov
interpretation of constructive proofs in first order predicate logic, along the lines of the propositions
as types correspondence.

It can also be seen as functional programming languages in which it is possible to prove the
correctness of a function while defining it. This viewpoint has largely been used in proofs assistant
such as Agda or Coq. From this point of view, a dependent type theory can be seen as a type
system for a A-calculus more powerful than simply-typed A-calculus, that can deal with dependent
types, i.e types depending on terms. The traditional example of a dependent type is the type of
lists of exactly n elements.

Two features specific to dependent type theories are:

e dependent product that generalizes the function space,

e universes, that bring a subset of types at the term level.

Dependent products Logically speaking, dependent products are types reflecting universal
quantification. What is the constructive meaning of a universal quantification Vo € A, B(x) ?
It is a way to derive a proof of B(x) given a term x in A. Seen as a function we see that the return
type of the functions depends on its arguments. In type theory, this is called a dependent product
and is often denoted by II(x : A)B(x).

What a term of this type should look like ? Its canonical members are abstraction A(z : A).t
where ¢ is a canonical proof of B(x). If B does not depend on z, then II(z : A)B is just the usual
function space that we denote by A — B.

An example of a non-trivial dependent product is, if we let List(n) be the type of integer lists
of length exactly n, the type of the cons function that pushes an element at the beginning of a list.
Its type would be: II(n : nat)(List(n) — nat — List(succ(n))).

Universes Universes are used to bring a subset of the types at the term-level so that computation
can be done with them, or quantification (since we quantify over terms). A universe set is a type
containing codes for types, along with a decoding (meta)function el such that for each term z of type
set, el(z) is a type. With this we can represent polymorphism: for instance the identity function
could be typed as II(x : set)(el(x) — el(z)). Throughout this report we will use lowercase identifiers
for codes and uppercase for types. A universe can be seen as a subset of types, called small types.
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Syntax of dependent type theory

In this section we give a more formal account of the syntax of dependent type theory, and especially
the calculus we are going to use in this report, and we discuss a list of issues that arises when dealing
with dependent types, issues that do not appear in simply-typed A-calculus.

The simply-typed A-calculus is defined by a relation I' - ¢ : A which reads "in the context I,
the term ¢ has the type A", where contexts and types are generated by context-free grammars. In
dependent type theory it is no longer the case.

Contexts Contexts are a list of named assumptions. But in dependent type theory, since types
may depend on terms, we can have contexts of the forms: x : set, y : el(y) postulating a small type
x and an inhabitant y of this type. This context is well-formed, but this one: y : el(z), z : set is not
since y depends on x but appears before its definition.

Therefore we will need to consider a predicate of well-formedness on contexts, contrary to more
simple type systems such as simply-typed A-calculus, and a predicate of well-formedness of types
relative to a context. They are noted I' - ("T" is well-formed") and '+ A ("In T, A is well-formed").

In this document, we will use a calculus without variable, and thus contexts will just be a list of
types noted ¢ - Ay - Ay ...+ A, (the usual notation would have been 1 : Ay, a9 : Ag, ..., z, : Ap).

Definitional equality and type conversion rule As usual, terms are subject to reduction rules
such as for instance the 8 reduction: (Az.t)u — t[u/x], and we have two distinct equalities on terms
: = (syntactic equality) and = definitional equality (z = y if they are convertible, i.e. reducible
to the same term). Since types may contain terms, we have these two equalities at the level of
types as well. For instance el((Az.nat)0) = el(nat) although these two types are not syntactically
equal. We want two equal types to have exactly the same inhabitants, and thus we need a type
conversion-rule: if A= A’, and 't : A then I' - ¢ : A’. This requires the definitional equality to
be defined at the same time as the typing rules, by equality judgements: T'+ A = A’ ("A and A’
are equal types in ") and '+t =1¢: A ("t and ¢’ are two equal terms of type A in T'")

Explicit substitutions This is not specific to dependent type theories (one can define the simply-
typed calculus with explicit substitutions), but in dependent type theory it is much more interesting
I to present the calculus with explicit substitutions.

I Because of the rule for application for dependent product, substitution can no longer be
defined after the typing rules. With explicit variables, the application rule looks like: if ¢ has the
type I(z : A)B and u has type the A, then t u has the type Blu/z] (and not B as in simply typed
A-calculus)

"Explicit substitutions" means that the operation of substitution is not a meta-operation defined
a posteriori, but is part of the syntax. Substitutions operates on both terms and types since types
can contain terms and thus variables.

A substitution can be seen as an implementation of a context A within another context T
Such a substitution will have the type I' — A. Informally, one can see a substitution from I" to
A=o-Ay-...- A, as alist of terms (¢1,...,t,) such that ¢; has the type A; in T

The substitution of f in a term ¢ (resp. a type A) will be denoted by t[f] (resp. A[f]). Whenever
we have a substitution f: T' — A and a type A (or a term t) well-formed in T', we can substitute

1
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the variables of A by the their implementation given by f, and obtain a type A[f] (or a term ¢[f]
of type A[f]) well-formed in T.

De Bruijn indices and substitutions Our calculus will use de Bruijn indices because it saves
us some trouble 2. De Bruijn indices are a way to refer to assumption not by a name but by the
index of it in the countext. If we note v; the i*" indice we have:

e I'- Al vy : A, vy refers to the last assumed hypothesis
e ' BlFu1:Aif'Fw; 1 A: v;4q forgets one assumption and acts like v;.

But, if we keep our intuition of what a substitution is — the implementation of a context within
another —, then there is a projection substitution p : I'- A — I'. If we have I' - ¢ : B then we have
I'- A+ t[p] : Blp|. Here t[p] is t lifted, meaning that each occurrence of v; in ¢ is replaced by v;11
in ¢[p]. So t[p] forgets the last assumed assumption (since vy never appear in ¢[p]) and acts like .
So, now in order to represent de Bruijn indices in our syntax, we only need v, since we can define
vi+1 = v;[p]. We call this vg, ¢. By definition of ¢ we have T'- AF ¢ : A for any T, A.

If we were to implement the projection substitution, we would have to use de Bruijn indices
(because p can be seen as (vy, vp—1,...,00)), but since we are going to use categories with families
that uses this approach, we prefer to choose p as being built-in.

2 This not specific to dependent type theory, as De Bruijn indices saves us the trouble to consider
terms modulo a-conversion.

Semantics of dependent type theory

There is several categorical framework to define what semantics of type theory is. In this report
we only consider categories with families| , |. Like any other categorical formalization
of type theory, the idea behind categories with families is to see contexts and substitutions as a
category on which are defined types and terms. The specific part is to see terms and types as
families over a context.

Families First, we give the definition of the Fam category, the category of families.
Definition 1. — The category Fam is defined by:
e its object are families (A, B) where A is a set and B is a A-indexed set (meaning that Vx €
A, B(x) is a set). The family (A, B) will be denoted (B(x))zca-

e a map from a family (A, B) to (C,D) will be a couple (f’, f*) where f° : A — C and
g’ :U, B(x) = U, D(z) such that D(f%(x)) = f1(C(x)) for z € A.
e composition is defined point-wise
e identity on (A, B) is just the identity (ida,idy p(a))-
For each context I', we have a set of types well-formed in T, Ty(T") and for each A € Ty(T") we
have a set of terms of type A inside I, Tm(T, A).
Moreover, if we have a substitution f : ' — A, we have maps : ~[f] : TyA — TyI' and

“[f] : Tm(A, A) — T'm(T", A[f]), which leads us to see the operation I" — (T'm(T", A)) acy(r) as a
contravariant functor from the category of contexts to Fam, the category of families.

2
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Contexts formation To build contexts as a list of types, we require two things on the category
of contexts:

e aterminal element ¢ representing the empty context. For each context I', there exists a unique
morphism !p : I' — ¢, the empty morphism (since there is nothing to implement)

e a context comprehension: if we have a context I' and A € Ty(T") a type over I', we can form
the context I' - A, such that

— there is a morphism p : I'- A — T, the projection morphism. Intuitively it corresponds to
the fact that one can easily implement I" inside I" - A, by just forgetting the last variable.

— there is a term ¢ € Tm(T' - A, A). We can see ¢ as a variable referring to the last
hypothesis assumed (here A).

— for each substitution f : A — T and term ¢t € Tm(T, A[f]), we can extend f by t and
have a morphism (f,t) : T' = A - A, such that po (f,t) = f (projection forgets the last
term) and ¢[(f,t)] =t (variable retrieve the last term)

A formal definition will be given in section Semantics.

Contribution of this report

This report generalizes the well-known result that simply-typed calculus can be seen as an initial
cartesian closed category to type theory, i.e. we prove that the syntax of type theory can be seen
as an initial category with families (theorem initiality). This problem requires us to interpret our
syntax in any CwF, and there is two common ways of defining such an interpretation:

e by means of a partial interpretation on raw-terms (see [ |). The correctness of the inter-
pretations in this context means that the interpretation is defined on terms (well-typed raw
terms)

e by defining the interpretation on derivation. Because of type conversion rules, a judgement
can have several derivations (this is known as the coherence problem). One then needs to
prove that two derivations of the same judgement get the same denotation in the model. This
approach is considered in | ]

To define its partial interpretation in [ ], T. Streicher needs to add some typing annotations
in abstractions and applications. He then proceeds to prove that these annotations can be left out
through a stripping lemma: to a term without annotations corresponds at most one well-typed
term with annotations, thus justifying the traditional syntax without any annotations.

However in | |, P.-L. Curien has a different kind of annotations (type conversions are made
explicit in the syntax) and the proof that two derivations gets the same semantics is very technical.

The approach considered here is to view our calculus as a generalized algebraic theory (this has
been done in | ) and formalize it completely inside set theory. In this context, the coherence
problem is easy to solve although the syntax is very verbose. We then proceed to show that this
annotated syntax and the regular syntax are equivalent.

The report is organzied as follows:
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e in the section Desugarized syntax, we define the fully explicit syntax and prove the coherence
property of this syntax,

e in the section Semantics, we give the semantics of this syntax and prove the initiality of the
term-model induced by the desugarized syntax,

e in the section Regular syntax, we introduce a syntax without any annotations, and we prove
that the two syntax are equivalent, and the two corresponding term models are isomorphic.

1 Desugarized syntax

1.1 Generalised Algebraic Theories (GAT) and explicit syntax

Generalized Algebraic Theories were introduced by Cartmell| | as generalisation of algebraic
theories to handle dependent types. This framework can be used to describe the theory of categories
or dependent type theory: in | ], Peter Dybjer gives a presentation of type theory (using
category with familes combinators) as a Generalized Algebraic Theory.

Our goal is to define dependent type theory based on the idea that its core can be seen as the
generalized algebraic theory of categories with families (GAT of CwFs, see Dybjer | ). We
use set theory as a metalanguage and define precisely the raw syntax and the derivable judgement
using this idea. The GAT of CwkFs yields a very "explicit" raw syntax, where types and terms
are annotated with context and type information not available in the usual raw syntax of lambda
calculus, whether given as usual or as a calculus of explicit substitutions.

Although our presentation does not use explicitly the GAT framework, we give an overview of
what is a GAT. A GAT is given by:

e Sorts operators. Sorts operators comes with an arity and an introduction rule. They build
up sorts that represent sets of terms (and we note z € A to mean that x belongs to the sort
A 3). The argument passed to sort operators are terms. For instance, in our case, we have
Context a sort operator of arity 0, and a sort Ty(7) of arity 1 and introduction rule:

I’ € Context
Ty(T) is a sort

e Terms operators. Terms in GATSs look very much like terms in ordinary first order theories,
build up with term operators. Each term operator comes with its introduction rule. For
example, the introduction rule for - (of arity 2):

I' € Context A€ Ty(T)
I'- A € Context

e Term equality. A theory should provide a definition (a judgement) for term equality.
The typing rules of a GAT must satisfy these two restrictions:
e every variable appearing in the premisses of a rule must be declared,

e every variable appearing in the premisses of a rule must appear in the term being introduced.

3
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For instance the rule for II-introduction (remember: we use de Bruijn indices):
BeTyT-A)
II(A, B) € Ty(I).

B is declared by the statement I'- A F B but neither " nor A are. Besides the term (II(A4, B)) being
constructed has no reference to I'. To make this rule completely explicit we need to write:

I'e Context AeTyl) BeTyl- A
I, A, B) € Ty(I')

[sort] The notation "z € A" is local to this section, later on we use the traditional judgement nota-
tion I' - A (and others), because we need a uniformity that does not appear in regular judgement
notation, and this notation makes it easy to distinguish the sort (A) from the term (¢) which is less
obvious with I' - ¢ : A.

By definition, generalized algebraic theories are based on dependent types (since sorts depend
on terms) but type theory (as CwFs) can be seen as GATs | |, so the correspondence goes
both way.

1.2 Definition of our calculus

In this section we give all the rules defining our calculus. To define our calculus, we need to explain:
e What are the well-formed contexts, notation: I" -
e What are the well-formed types in a context I', notation: I' - A
e What are the well-formed terms in a context I' of type A, notation: ' -¢: A

e What are the well-formed substitutions from a context I' to a context A, notation: '+ f: A
We also need to define what it means for two entities of the same kind to be convertible:

e Equality of two contexts, notation: I' = IV
e Equality of two types in a context I', notation: I' - A = A’
e Equality of two terms of type A in I', notation: 't =1¢: A

e Equality of two substitutions from I" to A, notation I' - f = f': A

Later on, the expression typing judgement will refer to the first four kind of judgements, and equality
Judgements to the four last. A typing derivation (resp. equality derivation) will be a derivation
(according to the rules enumerated in the section Rules) whose conclusion is a typing judgement
(resp. equality judgement). Since we are working with dependent types, we need to define these
eight judgements simultaneously.

The calculus we are about to define is known as Martin-Lof’s Logical Framework (LF) and
consists in a universe set along with II-types.
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Application in presence of explicit substitutions. In presence of explicit substitutions, ap-
plication can be handled differently than usual, by defining a unary operator, ap (along the lines of
traditional denotation semantics for A-calculus). The intuition behind ap is that it is the inverse of
the X operator. Given a term of type II(A4, B) in I it returns a term of type B in I'- A, i.e. with one
more free variable. One can switch from one representation to the other by the following equation:

t u=ap(t)[(p,w)], ap(t) =t[p] ¢
In the first equation (p,u) is the substitution that one would usually denote by [u/0].

Pre-syntax We define first the syntax of raw terms (pre-syntaz), and then define typing rules
for these raw terms. "Terms" will then denote well-typed raw terms.

A = contexts
| o Empty context
|T-A Context comprehension

A B ::= types
| set(T") Universe of small types
| TI(T', A, B) Dependent product
| el(T', x) Elements of a small type
| Alf]A Explicit substitutions

t,u = terms
| ¢(T', A) Reference to last assumption
| AT, A, B, t) A-abstraction
| ap(T, A, B,t) Unary application
| (t: AN Explicit substitutions

frgo= substitutions
| id(T) Identity substitution
| p(T, A) Projection substitution
| comp(T, A, 0, f,g) Composition of substitution(reversed)
| 'r Empty substitution
| (fx,(t: A)) Extension
1.3 Rules

There are a few common rules that will appear in the definition of the judgements. Each equality
judgement will come with rules for reflexivity, symmetry, transitivity, even though it is not strictly
necessary, (it could be derived) as well as congruence rules. Each judgement (except for context
and context equality) will come with type conversion rules that allow to replace any components
of the judgements with another entity that is convertible to the first one. It comes from the more
general rule in GATs that says that:
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teS S=9
te s’

In our case, equality on sorts is just congruence thus giving us usual type conversion rules. Despite
our desire to define completely the system, all those rules will be omitted in this document for lack
of space.

Moreover, because some rules are long, not all premisses are going to be included. Premises
declaring variables such as contexts may be omitted if it is obvious what should be the corresponding
premisse. For instance, in equality rule, whenever we write I' - A = B, we assume also the premisses
I'+ A and I' F B. Likewise, we may not always write terms in a fully explicit way and may drop
some arguments to keep it readable.

IfTF f: A, wenote ft = (comp(p, f),q). This alias is going to be used in rules, and we will
have T'- AF fT: A A.

Rules for context We give the rules for context.
L 'k A
ok r-Ar

The only rule for context equality (apart from reflexivity/symmetry/transitivity) is a congruence
rule:

r=1" THA=A
r-A=1"-A

This kind of rules will be omitted for other judgements.

Types
AFA TFHf:A ET ' THEt:set(I) ' THA T-A+B
= A[flN I' - set(I") 'k el(T)¢t) I'HII(T, A, B)
r-rA r=rt
I'-A
Type equality
="t MrEA=A - THA ' AF T'Hf:A
T - - -
TFA=A YOO T = 4 1P T s K = se() D0
AF TF Akrt:set() THf:A
T 7 SubEl
[ el(A,8)[f]a) = el(T, (¢ : set(A))[f]a)
AFA A-AFB TFEHf:A
Subll

T+ II(A, A, B)[f] = I(T, A[f]X, Blf 54

OFA AFf:0 Thg:A
I+ A[f]8lgla = Alcomp(T’, A, 0,9, f)]

SubComp
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Terms

' THA ' AF AFA AFt:A THf:A
' Ak g(T,A): A Tk (t: AN AN

' A I-AFB T-AFt:B ' TFA T-AFB THt:1(T, 4, B)
T AT, A, B,t) : II(T, A, B) I Al ap(T, A, B,t): B

't:A I'=1"F THFA=A
I'Ft: A

Term equality

P=I"F TFA=A T'kt=t: A 'k 'FA THt:A
T I
FEt=t:A ycomr F(t:A)lidE=t: A d5ub

F'f:A AFA TRt:Af]N And Bt
Tk (T, A)[(F5, (£ AR, = (t: AL

I'Hf:A A-A+t:B
I'EMA, A, B, t)[f] = M, A[f], B[f*],t[f7]) : TI(A, A, B)|[f]

AAndSub

F'Ef:A AFt:II(A /A B)
[+ ap(A, A, B t[f]5) = ap(T, A[f], B[f "], t)[f "] : T(T', A, B)

apAndSub

OFA AFf:0® TFHg:A OFt:A
T (t: A)[fI8lgla = (t: A)lcomp(T, A, 0,9, f)] : AlfIglgla

I'-Akt:I(T, A, B) T -AFt:B

I-Abap(T, 4, B\T,A B,t)=t:B o rr NT, A, B,ap(T, A, B.1)) = ¢ - TI(T, A, B)

SubComp

The fact that ap and A are inverse of each other is expressed by the two rules: 8 and 7.

Morphisms
'cidr: T 'Hlp:o - AtpT,A):T LH(fR,(t:A):A-A
PkFg:A AFf:0 r=r+ A=A'"F THf:A
'k comp(T',A;0,9,f): © Ve f: A
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Morphism equality

="t A=A"F TVFf:A kg:A
TyConv :
T'FEf:A 't g=comp(l,T',A,idT, g)

IdRight

T'kFg: A
'k g=comp(l, A A g,idA)

IdLeft

THf:A Abg:0 OFh:

A
I comp(T, A, comp(A, 6. /,9). h) = comp(L', 6, K, f, comp(L, 5,0, g, 1)) P4
I'-g: 'f:A AFA TFt:A[f]N .
- r9re Unicitye T s ProjExt
FHr=g:0 I Fcomp(I, A A, A, (K, (t: A)),p(A, 4)) = f : A)

T A
T-AF (p(T, A),q(T, A)) = id(T - A)

FExtld

F'Fg:A AFf:0 OFA AFt:Af]5

T ExtComp
'+~ COI’Hp(F, Av CF Av g, <f> t>A,(~),A) = <Comp(ra Aa @a g, f)a (t : A)[g]A>

1.4 Coherence property

Now that we have defined the typing rules of our calculus, we need to first prove a property about it.
For instance when we have a term t of type A in a context I, it makes only sense if I" is well-formed
context and if A is a formed-type in I". That is what states the following lemma:

Lemma 1. — The following holds:

o IfTHA, thenT
o fTHFA=A thenT'FA and T+ A’
e [fTHt:AthenTHA

IfTFt=t:AthenTtFt:AandDk¢t: A

IfTHf:AthenT'F and A+
IfTEf=f:AthenTF and AF.

Note that Streicher in | | needs to add some annotations in the term to be able to carry
out its correctness proof (typing annotations in app and A-abstraction) and after defining the
interpretation, proves that they are not needed.

Our approach here is to add much more annotations in the term so that solving the coherence
problem becomes easy, and then we prove that the annotations are not needed for the calculus to
be unambiguous.
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Compressing derivations From a typing derivation ¢, we can obtain a smaller derivation by
compressing it in two steps:

e first, compact two type-conversion rules into one by transitivity. For example, the reduction
rule for well-formedness of type is:

TEA T T :
I'FA r=r" r"+rA TI=1"
TFA - TFA

)

and we have similar reduction rules for typing judgement and substitution well-formedness judge-
ment.

e remove instances of type-conversion rules (again this is just the rule for type well-formedness):

T'FA r=r :
T'HA —TFA

Each typing derivation ¢ has a normal form with respect to these rules (since both of them make
the depth decrease) that we note 6%.

The next lemma is a very characteristic property of our syntax: intuitively this means that we
have just enough annotations in terms, to know ezactly what will be the first rule (apart from type
conversion) used in any derivation for this term.

Lemma 2. — Let J be a typing judgement. If 6 and §' are two derivations of J, then 6% = (§')%.

Proof. The proof is made by induction on the depths of § and ¢’. If 6* # § and §'* # ¢, then
we can use the induction hypothesis on (6%,%) and get the desired result since ~# is idempotent.
We now assume that §* = § and §* = §’. We only detail one case, when J is the judgement
AFXNT, A, B,t): 11(©,C, D).

Since § = 0%, § can only have two forms:

e The last rule is the A rule

A AFA A-AFB  A-A+-t:B
5= A+ XA, A B,t):TI(A, A, B, t)

)

and this implies that T = A =0, A= C, B = D (remember = denotes syntactical equality).
Thus 6% has to have the same form (since "useless" type conversion rules do not appear in
§’* = ¢') and we can conclude by induction.

e The last rule is a type conversion rule, then § is of the form
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AF AFA A-AFB A-A-t:B
AF XA, A, B 1) II(A, A, B, t) I'=A TFIIA A B)=T1(O,C,D)

5= T+ AA,A,B,t):11(0,C, D)

Then, again ¢’ has to have the same form, and we can apply the hypothesis induction on the
judgements A, A+ A A-AF B, A-AFt: B and the corresponding subderivations of §
and ¢’

O

Interpretation One informal property of a model of type theory is that the definitional equality
of the syntax should be interpreted as the equality in the model.
This leads to the definition of interpretation:

Definition 2. — [Interpretation] Let X be a set and ¢ : 9 — X be map from D, the set of typing
derivation inductively generated by the rules of section Rules.

@ is an interpretation whenever it is invariant by type conversion rules, meaning that if § is a
derivation of '+ A, then

0:THA =10+
w(d) =¢ ' A

for any derivation of T' =T" t, and so on for the other kinds of judgements T Ht: AandTF f:A)

Note that for any interpretation p(§) = (6%) since § and 6% only differs by applications of
type-conversion rules. This leads to the coherence property of our calculus:

Lemma 3. — [Coherence property] Let ¢ : 2 — X be an interpretation. ¢ induces a unique map
2 J — X from the set # of derivable typing judgements to X, such that if § is a derivation of the
typing judgement J, @(§) = (J).

Proof. Formally, ¢ is & quotiented by the relation " and ¢’ are equivalent iff they share the same
conclusion". To have the result, we need to prove that ¢ is compatible with this relation. If we
have two equivalent derivations ¢ and ¢’, then by the lemma unicity we have 6* = ¢’ and since ¢
is an interpretation we have the desired result.

O

2 Semantics

In this section, we define the notion of categories with families well-suited to our calculus. We then
prove that the syntax of section Desugarized syntax quotiented by definitional equality is an initial
object in this category.
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2.1 The category of categories with families

We first define a notion of categories with familes with extra-structure to speak of the type former
we have in our calculus.

Definition 3. — [Category with families| A category with family (CwF) is a couple (C, F) where
C is a category, the category of contexts and substitution of the CwF and F : C°? — Fam is a
contravariant functor.

Before giving the azrioms, we set up a few notations:

o Ty(T') is a short-hand for F(I')1, i.e. the index set of the family F(T') (where I' € C)

e Tm(T, A) is a short-hand for F(T')s(A) i.e. the family F(T') at index A (T € C and A €
TyT))

o If f: T — A is a morphism in C then F(f) : F(A) — F(I') is a map of families and for
A€ Ty(A) and t € Tm(A, A), we note A{f} € Ty(I") for F(f)1(A) the image of the index
A by F(f), and t{f} € Tm(T', A{f}) for F(f)2(t)

C and F must satisfy:

e there is a terminal element 1¢c in C, the empty context,

e for each context A € C and type A € Ty(A) over A, there is a context A - A € C, along
with a morphism pa 4+ A - A — A and a term qp 4, satisfying the following universal
property. For each substitution f: T — A and each term t € Tm(T, A{f}) there is a unique
(f,ty: T — A+ A such that po (f,t) = f and ¢{(f,t)} =t.

This is the basic notion of CwF that takes into account the combinatorics of dependent type
theory. We should add constructions to reflect type formers. We use z : A — B(z) for the dependent
product on the meta-theory, and as in the syntax, for any f : I' = A the notation f* will mean
the map (fop,q): T - A{f} — A - A for any type A € TyA.

Definition 4. — [Categories with families for the Logical Framework] A category with families
for the Logical Framework (CwFLF) is a CwF (¢, F). along with:

o a function set: (T : |€|) — Ty reflecting the universe

o a function el: (T :|%|) — Tm(T, set(T')) — TyT

o a function IL: (T : |€]) — (A: TyT') — Ty(T - A) — Tyl

o a function A: (T :|€]) = (A: TyT) — (B : Ty(T - A)) — Tm(T - A, B) — TmI(IT, A, B))

o a function ap: (I': |€]) — (A: Tyl) — (B : Ty(T - A)) — Tm(T, B) — TmI(IL(T, A, B))
subject to the following hypothesis:

o set(A){f} = set(T) for f:T — A in |¥]|

o el(A,2){f} = el,z{f}) for f:T — A in |€]

o I(A A B){f} =T, A{f}, B{f*}) for f :T — A in |€]|
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A A B O{f} = MU, AL} B{FFLH{STY) for f:T = A in |€]

ap(D, A{f}, B{f*},t{f}) = ap(A, A, B, t){f T} for f: T — A in ||
e ap(I', A, B,\(T',A,B,t)) =t for any t € Tm(I'- A, B)

e A\ A, B, ap(T, A, B,t)) =t for any t € Tm(T,II(T, A, B))

As before, we may skip some arguments that can be inferred from the context.
We can know define the categorical structure on CwFLFs | ] :

Definition 5. — A CwF-morphism from a CwFLF (¢,F) to a CwFLF (2,Q) is given by
a functor ® : € — 2 and a natural transformation n : F = G o ® such that "structure is
preserved”. We note np : Ty (') = Tya(®(I)) and nroa : Tme (T, A) — Tmg(®(T),nr(A)) for
the components of n. ® and n must satisfy:

o O(ly) =19 and ®(T - A) = &) - nr(4)

e P(p:T-A—=T)=(p: (I A) - &)

e nroaalg) =q€Tm(- A A)

e nr(setl’) = set®(T") and so on for the other type constructions

One can compose these arrows point-wise, and the identity functor along with the identity
natural transformation gives CwFLFs and arrows between CwFLFs a structure of category.

2.2 The term model

In this section, we build the model of terms as a CwFLFs.
Definition 1. — The model of terms T is given by:
o Objects of T : {T|T'+}/ = where T =¢T" if T =T" F is derivable.

e Maps from [['] to [A] : {fITF f: A}/ =X where f =X g iff T+ f =g : A is derivable. Note
that this makes sense and only depends on the equivalence class of T' in |T| because of type
conversion rules.

e Types over [['] : {AIl+ A}/ =" where A=V B ifT-FA=RB
e Terms over [[] of type [A] : {t{L Ft: A}/ =Y wheret =L, ¢ if T -t =1 A.

The CwFLF's constructions on' T are defined without any surprise, for instance A\([I], [4], [B], [t]) =
AT, A, B,t)] and so on. Type conversion rules make it a good definition.

It is easy easy to check that T is a CwFLF.
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2.3 Interpretation in any CwFLF

The goal of this section is to build a partial interpretation from the pre-syntax to any CwFLF. Let
(¢, F) be a CwFLF. We build an interpretation of derivations by induction: a derivation § will be
mapped to [0].

Because at the definition time we don’t know yet that [-] is an interpretation, we cannot have
a strong invariant on where the interpreted objects will live. To solve this, we define [-] partially
and then show that it is always defined. In the following, we will write expressions that might be
ill-defined. If so, the interpretation of the derivation is considered to be undefined.

The rules for [-] is given on figure 1.

The following lemma proves the correctness of the interpretation:

Lemma 4. — The map [] is an interpretation. We note [-] as well the induced map. We have

e For any derivation § : T'F, [8] is defined and is an object of €

e For any derivation § : T & f: A, [0] is defined and is a map from [T k] to [A F]
e For any derivation § : T'F A, [8] is defined and lives in Ty([T F])

e For any derivation § : Tkt : A, [8] is defined and lives in Tm([T H], [T + A])

Proof. By induction.

2.4 Unicity of the interpretation

In this section, we prove that the term model is initial in the category of categories with fami-
lies, and that the unique morphism going from the term model to any CwFLF is induced by the
interpretation.

Let (¢, F). The morphism from T to ¥ is given on contexts by [ I'] — [F T']. It is well-
defined precisely because [7] is an interpretation. The definition on morphisms/types/terms is
done likewise. The following lemma proves that it is the unique map from T to %"

Lemma 5. — [Uniqueness lemmal Let (p,n) and (¢,t) be two maps of CwFLFs from T to a
CwFLF (¢,F). Then

e IfET is provable, then o([-T]) = ([ TY)

o IfT'F f: A is provable then o([F T]) = ¢¥([F TY), (|- A]) = ¥([F A]) and p([TF f: A]) =
(ICF f:A])

o IfT' A is provable, then o([F T]) = ([~ T7), n[p]l([F FA]) = L[F]I([F F A])

o IfT' -t : A is provable, then p([- T]) = ¥([+ T)), TI[F]Z([F - A]) = L[p]l([F - A]) and
n2(0 AL [ F ¢ A]) =y (T F AL Dt A])

Proof. In the proof we will be using ¢ and 1) where we should have used 7 and ¢ to make it easier
to follow. The proof is by induction on derivations. We detail only the lambda-abstraction case
(explicit derivation)
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A ﬂapzw S4: THA

T AL H:[[5F]]'[[5A]]

ﬂ5p:Fl— 0z : 'z :set
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— || =set[d
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So: TV f: A r=1'+r A=A F
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I'EX:A—r B
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'4A T-AFB T -AFt:B
'+ \T,A,B,t): (T, A, B)

By induction we know that ¢([I']) = ¥([T]), p([I'F A]) = ¢([I' F A]) and ¢([T" - A+ B]). Thus we
have o([I' = TI(T', A, B)]) = ([l = A]) = ¢([I'- A F B]) = ¢([0' = A]) = ¢(['- A+ B]) = ([T F
II(T, A, B)]). And finally

([ AT, A, B,t) : TI(T', A, B)])

= o(\T(I),[C+ A],[T-AF B],[L- A+ t: B))) by def. of the A\ on T
= \(p([]), (L F A]), ([T - A+ B)), ol - A+t : B)) because ¢ preserves A
= X)), ([T + A]), (- A+ B]), (- Ak t: B)) by induction hypothesis
=y('FXT, A, B,t): I(T, A, B))) rolling back
O
Theorem 1. — T is an initial object in the category of CwFLFs.

3 Regular syntax

In this section, we define an explicit syntax for type theory without annotations and we prove that
these two syntax are equivalent (meaning that the two term models are isomorphic).

3.1 Syntax
The raw syntax of the regular syntax is as follows:
TAx=0 |T-A
A, B ::=set | II(A, B)
| el(x) | ALf
t,u =q | At
| ap(t)] t[f]
frgn=id | p
| comp(f,g)  |!
| (f.t)

One can also define the judgements corresponding to this raw syntax along the lines of Rules. To
distinguish the two sets of judgements, we use the symbol F* for judgements in this implicit syntax.
Given a annotated context T' (resp. type A, term ¢, substitution f) we note s(T") (resp. s(A), s(t),
s(f)) the corresponding object in the traditional syntax where annotations are left out. s is called
the stripping operator.

The first property to notice is that s preserves typing.
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3.2 Normalization

To prove that s can be viewed as an isomorphism of CwFLFs, we need to know the normalization
of our annotated calculus.*

A proof of normalization for a similar calculus can be found in | |]. We believe that this
proof could easily be extended to our calculus.

Normal forms look like (annotations are left out for readability)

n = normal forms
| k Neutral terms
| A(n) Lambda-abstractions

k= neutral terms
| q[p'] Variables
| ap(k)(p,n) Applications

N,N' ::= normal types
| set Universe of small types
| II(N, N") Dependent product
| el(n) Elements of a small type

The normalization lemma states that
Lemme 1. — Lett be a term such that T ¢ : A. There exists a term nf(t) such that

e nf(t) is normal,

e I'Ft=mnflt): A

o Ift' issuch that T ¢t =1t": A, then T F nf(t) = nf(t') : A,
o If s(t) = s(t') then s(nf(t)) = s(nfit))

3.3 Injectivity of s

We first show that s is injective with respect to definitional equality, meaning that:

Lemme 2. — [Injectivity of the stripping] We have:

Ifs(T) =sT)F and T, T" +, then T =T"F

o Ifs(T)F s(A) =s(A") and T+ A, A" thenT - A=A’

o Ifs(T) i s(t)=s(t'):s(A) andl -t,t': AthenTHt=¢t: A

o Ifs(I)Fis(f)=s(g9):s(A) and T f,g: A thenT I f=g:A.

i

Proof. By induction on the equality derivation. All cases are straightforward but the reflexivity
case. This is where normalization is needed. The proof, omitted can be found in | | (for a
different calculus but the idea is the same).

O

4 Normalization plays an important role in this proof, as it is not valid anymore in non-normalizing calculus, for
instance Girard’s U™, see | |
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3.4 Surjectivity of s

Lemme 3. — We have

o IfT' I, there exists a '’ in the annotated syntazx such that T’ and s(I') = I'?

o IfT' ' A, there exists a T'? and an A” in the annotated syntax such that T? + A9 and
s(% =T and s(A%) = A

o IfT it : A, there exists a T',t9 A? in the annotated syntazx such that s(T'%) =T, s(A%) =
A st =t and T+ 10 AC.

o IfT F f: A, there exists a T'?, fO A in the annotated syntaz such that s(I'?) = T, s(f%) =
f,8(AY) =A and TOF f0: AY.

Proof. Straightforward with the lemma inj _strip.

3.5 T and T® are isomorphic

It is easy to see (thanks to lemma inj strip that s can be extended to an injective CwF morphism
s: T — T". (By initiality we know that this is the the interpretation).
We can build the inverse ¢ with the lemma surj strip:

e For I' € T, ¢(T") [U+225D]T"°

e ForI' € |T!| and A € Ty(T'), we have I'* = A! with s(I'') =T and s(A') = A. Since s(¢(T)) is
', we have s(t(I')) = s(I'!) I derivable so that by inj strip ¢(I') = ' . Thus A! € Ty(¢(T"))
and we can define ¢(T, A) [U+225D] A*

e and so on for terms and substitutions.

This defines a CwF morphism ¢ : T — T. It is clear that s ot = idy, and by initiality we have
t o s = idr, thus the following

Theorem 2. — [Equivalence of the annotated syntax with the regular syntax] The stripping
operator is an isomorphism between T and T°.

Conclusion

In this document, we have shown a new way to solve the coherence problem by enriching the syntax
in a systematic way (contrary to Streicher’s approach that was somewhat ad-hoc). Two initial
CwFs have been built in this document (fully annotated term model and regular term model), and
it might be possible to build a third one, the CwF of semantic normal forms, a structure that
appears in proof by normalization by evaluation | |. Using the initiality result, one could
greatly simplify the normalization proof, since the normalization procedure nbe could be seen as a
map of CwF between the term model and itself, thus being equal to the identity, meaning that the
definitional equality ¢ = nbe(¢) is derivable.
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